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Abstract
Helium diffusion in metals is the basic requirement of nucleation and growth of bubble, which gives rise to adverse
degradation effects on mechanical properties of structural materials in reactors under irradiation. Lattice based Kinetic
Monte Carlo approach is widely adopted to study the evolution of helium-vacancy clustering. However, the imple-
mentation of Arrhenius law to prediction the event rate of single interstitial helium solute diffusion in metal is not
always appropriate due to low-energy barrier. Based on a stochastic model, a modified formula is derived from the
Brownian motion upon a cosine-type potential. Using the parameters obtained from molecular dynamics simulation
for the diffusivity of single helium solute in BCC W, the prediction of our model is consistent with the results from
dynamical simulation and previous model. This work would help to develop a more accurate KMC scheme for the
growth of helium-vacancy clusters, as well as other low-energy reactions in materials science.
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1. Introduction
Helium (He) is one of the most common productions in
structural materials of fission and fusion reactors under
irradiation. Due to the insolubility of He atom in metals,
it would be easily trapped into sinks, such as vacancies
and grain-boundary, and would form the helium-bubble
in a long-term evolution process. The formation and ac-
cumulation of helium plays important role in the high-
temperature kinetics of microstructure evolution of nu-
clear materials under irradiation, leading to the adverse
ageing effects, e.g. high-temperature helium embrittle-
ment [1, 2]. Therefore, the mechanistic understanding of
bubble evolution is considered as one of the key issues
in nuclear materials science and engineering [3]. In this
paper, we concentrate on the non-Arrhenius diffusion be-
havior of helium in metals.
As long-term phenomena, the growth of helium bub-
bles in metals are made up by numerous atomic activation
processes, including the migration of defects, the com-
bination of helium and vacancies, and the dissociation
of helium-vacancy clusters [4]. In theoretical research,
a well-developed lattice based kinetic Monte Carlo (short
for “KMC” in the rest of paper) approach [5, 6] is widely
adopted, by treating the evolution of helium-vacancy clus-
ters as a chemical-reaction-like process, e.g.,
kHe + lV + HemVn 
 Hem+kVn+l (1)
as shown in Fig. 1. Further, each individual atomic process
is treated as a classical reaction event, whose occurring
∗Corresponding author: zhengy35@mail.sysu.edu.cn
frequency ν, i.e., event rate, is associated with the reaction-
path and the corresponding energy barrier Em, usually
described by Arrhenius equation in KMC [7], as
ν = ν0 exp(−Em/kBT) (2)
with ν0 the attempt frequency, kB the Boltzmann constant,
and T the absolute temperature.
Note that, because of the repulsive interaction between
helium and metal atoms and a small migratory energy
barrier, the forward reaction process in Eq. (1) seems to
be diffusion-controlled at finite temperatures (See Fig. 1
of Ref. [8] or the schematics in Fig. 1), that the growth
rate of a helium-vacancy cluster is mainly determined by
the mass-flux of helium towards the trap [9], equivalent
to the diffusion behavior. In the present KMC scheme,
the diffusivity D is usually described by an Arrhenius
equation, as
D = gλ2ν = D0 exp(−Em/kBT) (3)
where D0 = gν0λ2 is a pre-factor, with g a geometrical
factor and λ the distance between two adjunct stable sites
in real-space.
For the thermal assistant diffusion event, the prereq-
uisite of using Arrhenius equation in Eq. (3) to estimate
the diffusivity is that the diffusion should be treated as a
thermodynamic reversible process, where the energy bar-
rier between two adjunct stable sites along the reaction
path should be far larger than the thermal energy, i.e.,
Em  kBT. Equivalently, the mean time for the defect es-
caping out of the trap should be far larger than the charac-
teristic relaxation time for the defect-system from saddle
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Figure 1: A schematics of the evolution of helium-vacancy clustering
treated as a chemical-reaction-like process (See in Eq. (1)) in KMC ap-
proach, where the forward reaction is diffusion-controlled by means of
helium (red solid-dots in upper figure) migrates towards the sink (vio-
let open-circle with red solid-dots inside), i.e., HemVn, indicated by the
energy profile (red solid-line in the lower figure).
point configuration towards equilibrium state. For the
helium-vacancy clusters or mono-vacancy, the migration
energy is in the order of ∼1eV, which satisfies this prereq-
uisite in a wide range of temperature, e.g., T < 104K. In
this case, the diffusion behavior could be well-described
by Arrhenius equation [3].
However, calculations based on density functional the-
ory (DFT) [10] indicated that Em ∼ 0.1eV of single inter-
stitial helium in metals, therefore, the migratory energy
barrier is comparable with (even larger than), the ther-
mal energy at T > 1000K, breaking down the condition
of Em  kBT. In this scenario, it will reveal anomalous
diffusion behavior beyond the Arrhenius description [11],
as demonstrated by the recent molecular dynamics (MD)
simulations [12, 13, 14] of helium diffusion in BCC W
(Em ∼ 0.15eV). More precisely, the real-space trajectory of
interstitial helium at 2600K (See Fig. 2(b) in Ref. [14]) in-
dicated that it seems not a hopping random walker with
a long resident time between its stable sites, but a thermal
assisted Brownian motion in a stochastic media. There-
fore, the high-temperature diffusivity of single interstitial
helium in BCC W does not obey Arrhenius equation but
the Einstein-Smoluchowski equation, i.e.,
D = µkBT =
kBT
m∗γ
∝ T (4)
where µ = 1/m∗γ is the classical mobility, with m∗ the
effective mass of the diffusing object, and γ the friction
coefficient provided by the host media for the diffusion.
In fact, the diffusion behavior of defects having a small
transition barrier, e.g., Em 6 0.1eV, is categorized to be the
low-energy reactions [15], which is found to be a common
phenomenon in other disciplines, such as adatom migra-
tion upon crystal surface [16, 17, 18], self-interstitial dif-
fusion [11] and dislocation motion [19] in metals. Follow-
ing Kramers’ theory [20], theoretical studies [21, 22] dis-
cussed the physical picture of these low-energy reactions:
(1) the low-temperature behavior is governed by Arrhe-
nius equation at Em  kBT, which the quasi-equilibrium
properties, i.e., Em and ν0 shown in Eq. (2), are used to
described the reversible nature; (2) the high-temperature
behavior is governed by Einstein-Smoluchowski equation
at Em  kBT, which the non-equilibrium properties, like
µ shown in Eq. (4) to determine the heat dissipation, are
used to describe the irreversible nature [23, 24, 25]. On
the basis of this physical picture, attention have been paid
on the low-energy reaction behavior at Em ∼ kBT, the in-
termediate stage between the low- and high-temperature
limits, by integrating both the reversible and irreversible
characteristics into a unique framework [21, 22], which is
believed to be the key issue for the theoretical description
of the nature of the low-energy reaction.
For the issue of the nucleation and growth of helium-
vacancy clusters, most of the multi-scale modeling studies
based on KMC focus on the accuracy of input parameters
calculated from DFT or MD simulations [4], rather than
the more important issue, i.e., to introduce the low-energy
reaction mechanism into the KMC scheme[15]. One of the
recent endeavors is the work of Ref. [12] (short for “saw-
tooth model” in the following), who used Zwanzig [26]
and Mori [27] projection operator approach to construct
a stochastic model of Brownian motion upon a simplified
saw-tooth potential and propose a unique equation to de-
scribe the ‘anomalous’ diffusion behavior for single helium
in BCC W in the whole temperature region (See Fig. 4 in
Ref. [12]). However, the saw-tooth model is derived on
the basis of Brownian motion, where the diffusion behav-
ior at the intermediate temperature region is described
by the simple interpolation of the behaviors at low- (i.e.,
Eq. (3)) and high-temperature limits (i.e., Eq. (4)). Further,
the thermal fluctuation information at the basin of poten-
tial well for helium diffusion is missed due to the usage
of simple saw-tooth potential.
To overcome the limitations in saw-tooth model [12],
we construct an alternative stochastic model of hopping
random walk upon a cosine potential (short for “cosine
model” in the following), then derive a modified formula
of single helium diffusion in metals, which is suitable for
the KMC scheme in the issue of growth of helium-vacancy
clusters. As presented in Sec. 2, cosine model will start
with an assumption that the stochastic motion of single he-
lium in metals could still be treated act as a step-by-step
random walker hopping among its stable sites, i.e., the
basins of a cosine potential provided by atoms of the host
metal, and the motion of helium around its potential min-
imum is regarded as a damped harmonic motion, upon
which an effective quality factor is introduced to describe the
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‘anomalous’ diffusion behavior at the intermediate tem-
peratures. The comparison of prediction of cosine model
and the results obtained from molecular dynamics simula-
tions will be then placed in Sec. 3, as well as the discussion.
We hope this modified formula could help to develop a
more accurate KMC scheme for the long-term evolution
of helium-vacancy clusters and bubbles, as well as other
low-energy reactions.
2. A modified analytical formula
2.1. Stochastic dynamics model
In BCC metals, a single helium atom occupying the
tetrahedral interstitial sites generally exerts a biased pe-
riodic crystal potential and results in the local distortion
and resonance vibrational modes, as well as the scattering
center for phonon modes of the host matrix. With the ther-
mal fluctuations and interaction provided by host atoms,
helium atom travels upon the crystal potential until it is
trapped by sinks, as schematic as in Fig. 1. Considering
the case that helium atom is far away from the sinks in
BCC W, the migration energy Em of interstitial helium in
BCC W is found as small as∼0.145eV [12], whose diffusion
could be regarded as a low-energy reaction. According to
saw-tooth model [12], the trajectory of interstitial helium
solute inside the metals X = X(t) is governed by a stochas-
tic Langevin equation as
m∗X¨ = F −m∗γX˙ + f (t) (5)
where X is the instantaneous position of helium atom,
with m∗ the effective mass; F = −∂XE(X) is the restoring
force, with E(X) the periodic crystal potential provided by
host matrix, i.e., migratory barrier; −m∗γX˙ and f (t) repre-
sent respectively the actions of dissipation and fluctuation
provided by host atoms, with γ the phonon-drag friction
coefficient and f (t) a Gaussian-type random force, where〈
f (t)
〉
= 0, and
〈
f (t) f (t′)
〉
= 2m∗γkBTδ(t − t′).
The diffusivity D could be derived from the trajectory
X(t) governed by Eq. (5), as
D =
〈
[X(t) − X(0)]2
〉
2t
=
m∗
kBT
∫ ∞
0
〈
X˙(t)X˙(0)
〉
dt (6)
where 〈· · · 〉 represents the running-time average. In par-
ticular,
D =
{
D0e−Em/kBT, if Em  kBT
µkBT, if Em  kBT (7)
at low- and high-temperature limits, where D0 = gν0λ2 =
ν0λ2 with g = 2/3 for helium diffusion in BCC metals. The
problem is that it is very difficult to obtain the analytical
expression of D at the intermediate temperature, i.e., Em ∼
kBT, for an arbitrary potential E(X) in Eq. (5). Substantial
progresses were achieved just in the limiting cases. The
representative works are respectively the Lifson-Jackson
formula [28] in the large friction limit
D = µkBT
[∫ λ
0
e
E(X)
kBT dX
∫ λ
0
e−
E(X)
kBT dX
]−1
, if γ ν0 (8)
with µ = 1/m∗γ the classical mobility, and Risken’s ex-
pression [29] based on a cosine-type potential in the low
friction limit
D =
pikBT
γEm
exp(−Em/kBT), if γ ν0 (9)
In underdamped limit, i.e., γ  ν0, the defect trajectory
shows the long tracks (λ) inside the metals, otherwise
the overdamped condition, i.e., γ  ν0, leads to a typ-
ical short steps (∼λ) of hopping between the potential
minima [21]. The former case is suitable to describe the
high-temperature behavior of helium diffusion [13], but
the form of the latter case is more applicable in KMC
scheme. Therefore, we would like to derive our analytical
expression on the basis of Eq. (8) and introduce an effective
quality factor b = g · (γ/2piν0), to account for the damping
feature for helium diffusion upon a cosine potential in the
following.
2.2. Derivation of cosine model
Assuming a cosine-type force field of E(X) is exerted by
a single interstitial helium in metals as
E(X) =
Em
2
[1 − cos(2piX/λ)] (10)
The attempt frequency ν0 could be then derived as
4pi2ν20 =
1
m∗
(
∂2E
∂X2
)
X=0
⇒ 2piν0 = piEmm∗ν0λ2 =
pigEm
m∗D0
(11)
Therefore, the quality factor b is written as
b = g
γ
2piν0
=
g
m∗µ
m∗D0
pigEm
=
D0
piµEm
(12)
Meanwhile, the diffusivity could be derived by substi-
tuting Eq. (10) into Eq. (8), as [22]
D = µkBT
[
J0
( Em
2kBT
)]−2
(13)
where J0(x) is the modified Bessel function of the first
kind, with J0(x)=1 at x  1 and J0(x)=
√
(2pix)ex at x  1.
Therefore,
D =
{
piµEme−Em/kBT, if Em  kBT
µkBT , if Em  kBT (14)
which satisfies the high-temperature limiting behavior but
not the one at low-temperature limit. To solve this prob-
lem, we modify Eq. (13) by introducing the quality factor
3
H. Wen et al. / J. Nucl. Mater.
Figure 2: The migratory energy profile of single interstitial helium so-
lute in BCC W hopping between two neighboring tetrahedral sites (red
solid-line) obtained using MD-type simulation in Ref. [12], and the ap-
proximate description (blue dashed-line) of a cosine-type potential, i.e.,
Eq. (10), with Em = 0.145eV.
b, in form of
D = µkBTb
{[
J0
( Em
2kBT
)
− 1
]2
+ b
}−1
= D0
kBT
piEm
{[
J0
( Em
2kBT
)
− 1
]2
+
D0
piµEm
}−1 (15)
In this regard, we have
D =
{
D0e−Em/kBT , if Em  kBT
µkBT , if Em  kBT (16)
satisfying the low- and high-temperature limiting condi-
tions. The γ−1 dependence is could be found in Eq. (15),
which is consistent with the prediction of a more rigorous
theory proposed in Ref. [21]. The occurring rate ν of single
helium hopping event conveniently used in KMC is then
derived as
ν =
D
gλ2
= ν0
kBT
piEm
{[
J0
( Em
2kBT
)
− 1
]2
+
D0
piµEm
}−1
(17)
so that ν = ν0 at Em  kBT and ν = µkBT/λ2 at Em  kBT,
which satisfies the Arrhenius and Einstein-Smoluchowski
equations, respectively.
Eq. (15) is the derived analytical expression of the diffu-
sivity for a single helium solute in metals, which bridges
the characteristics of quasi-equilibrium (i.e., the pre-factor
D0 and migration energy barrier Em) and non-equilibrium
(i.e., classical mobility µ = 1/m∗γ) in low-energy reaction
with an effective quality factor b.
3. Numerical example of helium in BCC W
Fig. 2 shows the migratory energy profile of single
interstitial helium solute in BCC W hopping between
Figure 3: (Color online) The numerical results of temperature-dependent
diffusivity (red solid-line) of single helium in BCC W estimated using
Eq. (15), where the parameters are obtained from MD simulation in
Ref. [12], i.e., D0 = 4.3Å/ps, Em = 0.12eV, and µ = 8.4Å
2
/ps/eV, getting
b = 1.36, as well as the comparison with MD simulation results (black
open-square) [12, 13], the predictions of saw-tooth model with the same
input parameters (blue dashed-line) [12] and Arrhenius law (magnet
dashed-dot-line) in Eq. (3). Left blue-shading and right red-shading
regions denote the temperature ranges where helium diffusion reveals
Arrhenius behavior and Einstein behavior, respectively, with the critical
temperature being around 600K.
two neighboring tetrahedral sites, which is calculated us-
ing modified conjugated gradient (MCG) [30] method
in Ref. [12]. Accordingly, a cosine-type potential, i.e.,
Eq. (10), is used to describe the detail information with
Em = 0.145eV. It can be seen the cosine potential is in gen-
eral agreement with the migratory profile, including the
curvature at the basin of potential well and the interme-
diate part. In addition, the saddle-point state, i.e., the top
of migratory profile, is a meta-stable state but with a tiny
barrier, < 0.01eV, which could not be reproduced using
Eq. (10).
Note that, parameters in Eq. (15) are all of many-
body nature, which can be obtained from either atom-
istic modeling or experimental measurements. Using the
parameters estimated in Ref. [12] for single helium dif-
fusion in BCC W, i.e., D0 = 4.3 Å/ps, Em = 0.12eV, and
µ = 8.4Å
2
/ps/eV, getting b = 1.36, the temperature de-
pendence of diffusivity in Eq. (15) could be achieved.
Here, this input migration energy Em = 0.12eV, obtained
by Arrhenius-fitting the dynamic simulation results at
low-temperature limit, is a slightly smaller than that ob-
tained in molecular static calculation (i.e., Em = 0.145eV
from MCG method), which might be arising from the en-
tropic term, or the temperature dependence of migration
energy. The results are plotted in Fig. 3, as well as the
comparison with MD simulation results [12, 13] and the
prediction using saw-tooth model [12] and the Arrhenius
equation (Eq. (3)) with the same input parameters. It can
be seen that our current model, i.e., cosine model in Fig. (3),
could reproduce the feature of low-energy reaction at var-
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Figure 4: The defined relative error ε of the prediction of diffusivity
using Arrhenius equation (i.e., Eq. (3)), compared to that using Einstein
equation (i.e., Eq. (4)), in the high-temperature region, e.g., T > 600K.
ious temperatures ranging from ∼0K to 3000K. A slight
difference in results between cosine model Eq. (15) and
saw-tooth model appears in the low-temperature region,
i.e., 300K < T < 500K, where the Arrhenius behavior is
revealed, because of the usage of different potential to
describe the characteristics of the equilibrium state for he-
lium migration. On the other hand, the Arrhenius equa-
tion give rise to a relative large overestimation for diffu-
sivity at high-temperature region, e.g., T > 600K.
In a word, in the case of Em  kBT, Einstein equation
is more appropriate to describe the diffusion behavior of
helium in metals, due to its low migration energy barrier.
A relative error ε(T) could be defined as
ε(T) =
|DA(T) −DE(T)|
DE(T)
× 100% (18)
to check the error of the application of Arrhenius equation
in the high-temperature region, e.g., T > 600K in BCC W.
Here, DA(T) and DE(T) are the diffusivity predicted using
Arrhenius equation (i.e., Eq. (3)) and Einstein equation
(i.e., Eq. (4)), respectively. Fig. (4) presents the tempera-
ture dependence of ε. It can be seen ε could be as large
as 50% at 1000K< T < 2000K, resulting in a significant er-
ror of growth rate of helium-vacancy clusters or bubbles,
thus the kinetics of microstructural evolution in nuclear
materials.
4. Conclusion
For interstitial helium solute in metals, its non-
Arrhenius diffusion behavior at finite temperatures could
be completely described by the quasi-equilibrium diffu-
sion parameters, e.g., pre-factor D0 and migration energy
Em, in the framework of Arrhenius equation. The non-
equilibrium diffusion parameter, e.g., classical mobility µ,
should be involved to describe the diffusion behavior at
high-temperatures. In this paper, we proposed a stochas-
tic model and derived a modified formula, with those
three parameters involved, to describe the non-Arrhenius
diffusion behavior of single interstitial helium in metals,
which could help to develop a more accurate lattice based
kinetic Monte Carlo scheme for the long-term evolution of
helium-vacancy clusters and bubble. Our model is built
up on the basis of a stochastic model of Brownian motion
upon a cosine potential. We assumed that the helium mi-
gration could be treated as a step-by-step random hopping
event so that the diffusivity satisfy the Lifson-Jackson’s
formula [28] under overdamped condition. Further, by
introducing an effective quality factor to account for the
damping feature, a modified formula for diffusivity (i.e.,
Eq. (15)) or jump-frequency (i.e., Eq. (17)) of single helium
solute is achieved. Of course, the story is not ending, be-
cause the related diffusion parameters still have to be ob-
tained empirically or from other calculations. Compared
to the saw-tooth model [12], the cosine potential used
here is more comfortable to estimate the migratory infor-
mation near the basin of potential well self-consistently,
such as the attempt frequency, which could be presented
in our further paper. It has to be noted that, our modified
formula is not restricted in the case of helium diffusion,
but could be promoted to the general cases of low-energy
reaction in materials science.
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